In this paper we make a distinction between time-correlated quantum errors which re-occur with a certain probability and new errors, uncorrelated with past errors. The obvious choice to deal with time-correlated errors, is to design a quantum error correcting code capable to correct (eu + ec) errors, where eu is the number of uncorrelated errors and ec the expected number of time-correlated errors. This solution is wasteful and, possibly unfeasible, due to the complexity of the quantum circuit for error correction. We propose an algorithm based upon the stabilizer formalism, which allows us to correct a single time-correlated error in addition to new, uncorrelated error(s). The algorithm can be applied to any quantum error correcting code designed to correct eu uncorrelated bit-flip or phase-flip error(s).
Quantum Error Correction
Decoherence, the alteration of the quantum state as a result of the interaction with the environment, is probably the most challenging problem faced by quantum computation and quantum communication [11] . Quantum error correcting codes allows us to deal algorithmically with decoherence.
We describe the effect of the environment upon a qubit as a transformation given by Pauli operators: (i) if the state of the qubit is unchanged then we apply the σ I operator; (ii) a bit-flip error is the result of applying the transformation given by σ x ; (iii) a phase-flip error is the result of applying the transformation given by σ z ; and (iv) a bit-and phase-flip error is the result of applying the transformation given by σ y = iσ x σ z .
A quantum error correcting scheme takes advantage of the entanglement in two ways:
• We entangle one qubit carrying information with (n − 1) other qubits initially in state | 0 and create an n-qubit quantum codeword which is more resilient to errors.
• We entangle the n qubits of the quantum codeword with ancilla qubits in such a way that we can measure the ancilla qubits to determine the error syndrome without altering the state of the n-qubit codeword, by performing a so called non-demolition measurement. The error syndrome tells if the individual qubits of the codeword have been affected by errors as well as the type of error.
• Finally, we correct the error(s).
Even though the no-cloning theorem prohibits the replication of a quantum state, we are able to encode a single logical qubit as multiple physical qubits and thus we can correct quantum errors [14] . For example, we can encode the state of a qubit as a linear combination of | 00000 and | 11111 :
Alternatively we can encode the qubit in state | ψ as:
with | 0 L and | 1 L expressed as a superposition of codewords of a classical linear code. In this case all codewords are superpositions of vectors in H 2 5 , a Hilbert space of dimension 2 5 . Steane's seven qubit code [13] and Shor's nine qubit code [2] are based upon this scheme.
When we use the first encoding scheme, a random error can cause departures from the subspace spanned by | 00000 and | 11111 . We shall be able to correct small bit-flip errors because the component which was | 00000 is likely to remain in a sub-space C 0 ⊂ H 2 5 spanned by the six vectors:
| 00000 , | 00001 , | 00010 , | 00100 , | 01000 , | 10000 while the component which was | 11111 is likely to remain in a sub-space C 1 ⊂ H 2 5 spanned by the six vectors,
The two subspaces are disjoint:
thus we are able to correct any single physical qubit bit-flip error. This procedure is reminiscent of the basic idea of classical error correction when we determine the Hamming sphere an n-tuple belongs to and then correct it as the codeword at the center of the sphere.
The standard theory of quantum error correcting codes is based on several assumptions:
• Errors are uncorrelated in space. An error affecting qubit i of an n-qubit register does not affect other qubits of the register. An error affecting one qubit is equally likely to be due to an interaction with the environment described by σ x , σ y , or σ z operators.
• Errors are uncorrelated in time. An error affecting qubit i at time t and corrected at time t + ∆ will have no further effect either on qubit i or on other qubits of the register.
• The error rate is constant. Moreover, whenever the probability of a qubit to be in error, ǫ, is very small, 10 −5 ≤ ǫ ≤ 10 −4 , then the probability of t or more errors is very small indeed, O(ǫ t ), and we ignore such a case.
Unfortunately, different physical implementations reveal that the interactions of the qubits with the environment are more complex and force us to consider spatially-as well as, time-correlated errors. For example, if the qubits on an n qubit register are confined to a 3D structure, an error affecting one qubit will propagate to the qubits in a volume centered around the qubit in error. Spatially-correlated errors and means to deal with the spatial noise are analyzed in recent papers [1, 3, 7] .
More recent studies address the problem of time-correlated errors for specific physical realizations of quantum systems [9] . In this paper we propose an algorithm for dealing with a specific type of time-correlated errors. The obvious choice, designing a code capable to correct (e u + e c ) errors, where e u is the number of uncorrelated errors and e c the expected number of time-correlated errors, is wasteful and, possibly, unfeasible due to the complexity of the quantum circuit for error correction.
The alternative we propose is to exploit the information we could gather from the analysis of the specific physical phenomena which cause time-correlated errors. Based on the prior knowledge about past errors and error syndrome analysis, we distinguish between time-correlated errors which reoccur with a certain probability and new errors, uncorrelated with past errors. We propose to use a quantum stabilizer code capable to correct e u uncorrelated errors, and extend it to correct time-correlated errors.
Time-Correlated Quantum Errors
The quantum computer and the environment are entangled during the quantum computation. When we measure the state of the quantum computer this entanglement is translated into a probability ǫ that the measured state differs from the expected one. This probability of error determines the actual number of errors a quantum code is expected to correct. If τ gate is the time required for a single gate operation and τ dch is the decoherence time of a qubit, then n gates , the number of gates that can traversed by a register before it is affected by decoherence is given by:
Quantum error correction is intimately related to the physical processes which cause decoherence. Table 2 presents sample values of the time required for a single gate operation τ gate , the decoherence time of a qubit, τ dch , and n gates , the number of gates that can be traversed before a register of qubits is affected by decoherence, for several qubit implementations [6, 8, 10, 15] . We notice a fair range of values for the number of quantum gate operations that can be performed before decoherence affects the state.
The information in Table 2 , in particular the decoherence time, can be used to determine the length of an error correction cycle, the time elapsed between two consecutive error correction steps. The number of quantum gate operations limits the complexity of the quantum circuit required for quantum error correction.
The Quantum Error Correction theory is based upon the assumption that the quantum system has a constant error rate ǫ and all errors are independent. This implies that once we correct an error at time t c , the system behavior at time t > t c is decoupled from events prior to t c .
When this assumption is violated, the probability of error, ǫ, is no longer time-independent. Assume that an error E 1 occurs at time t 1 and it is corrected at time t 2 . At a later time t 3 , this error E 1 re-occurs followed by a new error E 2 at time t 4 . Then, at time t > t 4 we have two errors rather than a single one. If the code was designed to correct a single error it will fail.
In a recent paper Novais and Baranger [9] discuss the decoherence in a spin-boson model. The authors assume that the qubits are perfect, thus the only errors are due to de-phasing and consider a linear coupling to an ohmic bath. Then the Hamiltonian of the model can be written as:
with φ and Π = ∂ x θ canonic conjugate variables and σ z n the Pauli matrices acting in the Hilbert space of the qubits. v b is the velocity of the bosonic excitations and the units are such that = 1. The exact time evolution between gates of a qubit, can be expressed as the product of two vertex operators of the free bosonic theory:
with λ the qubits bosonic coupling strength. Using this model the authors analyze the three qubit Steane's code. They calculate the probability of having errors in quantum error correction cycles starting at times t 1 and t 2 and show that the probability of errors consists of two terms; the first is the uncorrelated probability and the second is the contribution due to correlation between errors in different cycles (∆ is the error correcting cycle):
We can see that correlations in the quantum system decay in time, and the latest error will influence the system most.
Stabilizer Codes
The stabilizer formalism is a succinct manner to describe a quantum error correcting code by a set of quantum operators [4] . We first review several concepts and properties of stabilizer codes.
The 1-qubit Pauli group G 1 consists of the Pauli operators, σ I , σ x , σ y , and σ z together with the multiplicative factors ±1 and ±i:
The generators of G 1 are:
Indeed, every element of G 1 can be expressed as a product of a finite number of generators. For example:
The n-qubit Pauli group G n consists of the 4 n tensor products of σ I , σ x , σ y , and σ z and an overall phase of ±1 or ±i. Elements of the group can be used to describe the error operators applied to an n-qubit register. The weight of such an operator in G n is equal to the number of tensor factors which are not equal to σ I .
For example, consider the case n = 5. The 5-qubit Pauli group consists of the tensor products of the form:
The operator:
has a weight equal to 2 and represents a bit-flip of qubit 2 and a phase-flip of qubit 4 when the qubits are numbered from left to right. The stabilizer S of code Q is a subgroup of the n-qubit Pauli group,
The generators of the subgroup S are:
The eigenvectors of the generators {M 1 , M 2 . . . M q } have special properties: those corresponding to eigenvalues of +1 are the codewords of Q and those corresponding to eigenvalues of −1 are codewords affected by errors. If a vector | ψ i ∈ H n satisfies,
This justifies the name given to the set S, any operator in S stabilizes a codeword, leaving the state of a codeword unchanged. On the other hand if:
The error operators affecting codewords in Q, E = {E 1 , E 2 . . .}, are also a subgroup of the n-qubit Pauli group
Each error operator E i is a tensor product on n Pauli matrices. Its weight is equal to the number of errors affecting a quantum work, thus the number of Pauli matrices other than σ I . The coding space
is the space of all vectors | ψ i fixed by S It is easy to prove that S is a stabilizer of a non-trivial Hilbert subspace V 2 n ⊂ H 2 n if and only if:
1. S = {S 1 , S 2 , . . .} is an Abelian group:
2. The identity matrix multiplied by −1 is not in S:
If E is an error operator, and E anti-commutes with some element M ∈ S, then E can be detected, since for any | ψ i ∈ Q:
If our stabilizer code is a [n, k, d] linear code (with n the length of a codeword, k the number of information symbols, and d the distance of the code) the cardinality of the stabilizer S and its generator M are:
The error syndrome corresponding to the stabilizer M j is a function of the error operator, E, defined as:
where [M j , E] is the commutator and {M j , E} the anti-commutator of operators M j and E. Let f (E) be the (n − k)-bit integer given by the binary vector:
This (n − k)-bit integer is called the syndrome of error E.
Proposition. The error syndrome uniquely identifies the qubit(s) in error if and only if the subsets of the stabilizer group which anti-commute with the error operators are distinct.
An error can be identified and corrected only if it can be distinguished from any other error in the error set. Let Q(S) be the stabilizer code with stabilizer S. The Correctable Set of Errors for Q(S) includes all errors which can be detected by S and have distinct error syndromes.
Corolary. Given a quantum error correcting code Q capable to correct e u errors, the syndrome does not allow us to distinguish the case when more than e u qubits are in error. When we have exact prior knowledge about e c correlated errors the code is capable of correcting these e u + e c errors.
Proof: Assume that F 1 , F 2 cause at most e u qubits to be in error, thus F 1 , F 2 are included in the Correctable Set of Errors of Q. Since errors F 1 and F 2 are distinguishable, there must exist some operator M ∈ S which commutes with one of them, and anti-commutes with the other:
If we know the exact correlated errors E in the system, then:
T (E T F 2 ) which means that the stabilizer M commutes with one of the two errors E T F 1 , E T F 2 and anticommutes with the other. So error E T F 1 is distinguishable from error E T F 2 . Therefore, if we know the exact prior errors E, we can identify and correct any E T F i errors with the weight of F i equal or less than e u .
For example, consider a 5-qubit quantum error-correcting code Q with n = 5 and k = 1. The logical codewords for Q are: The stabilizer S of this code is described by a group of 4 generators:
It is easy to see that two codewords are eigenvectors of the stabilizers with an eigenvalue of (+1):
Note also that M is an Abelian subgroup, each generator commutes with all the others. Indeed we have for example: Error operator Generator(s) anti-commute with the error
The Pauli operators anti-commute, σ x σ z = −σ z σ x , thus and Table 2 lists bit-flip and phase-flip error operators and the generator(s) which anti-commute with each one. For example, E 1 anti-commutes with M 4 , thus a bit-flip on the first qubit can be detected; E 6 anti-commutes with M 1 and M 3 , thus a phase flip of the first qubit can also be detected. Since each of these ten bit-flip or phase-flip errors anti-commute with distinct subsets of S we can distinguish individual errors and then correct them. An example shows that the code cannot detect two qubit errors; indeed, the two bit-flip error
is indistinguishable from E 9 = σ I ⊗ σ I ⊗ σ I ⊗ σ z ⊗ σ I because both E 1 E 2 and E 9 anti-commute with the same subset of stabilizers, {M 1 , M 4 }, and give the same error syndrome. Therefore, the 5-qubit code can correct any single qubit error, but cannot correct two qubit errors.
If we know the correlated error in the system, for example, Table 2 , it is easy to see that the errors E 3 E i have distinct error syndromes for 1 ≤ i ≤ 10. Therefore we can identify these errors and correct them.
Using Stabilizer Codes to Correct Time-Correlated Errors
Classical, as well as quantum error correction schemes, allow us to construct codes with a welldefined error correction capability. If a code is designed to correct e = ⌊(d − 1)/2⌋ errors, it will fail whenever more than e errors occur.
From the previous section we know that if time-correlated errors are present in the system, we can not always detect them through the calculation of the syndrome. The same syndrome could signal the presence of a single error or more errors, as in the above example. But if we maintain a history of previous errors in the system, we can remove this ambiguity.
In this section we extend the error correction capabilities of any code designed to correct a single bit-flip or phase flip error and allow it to correct an additional time-correlated error. We assume that:
1. Quantum gates are perfect and operate much faster than the characteristic response of the environment.
2. The states of the computer can be prepared with no errors.
3. There is no spatial correlation, a qubit in error does not influence its neighbors.
4. In each error correcting cycle, there is one new error E a which occurs with a constant probability ε a , and there is also a time-correlated error E b with probability ε b (t). As correlations decay exponentially in time, only the time-correlated error E b which occurred last and has been corrected in the previous error correction cycle may re-occurr.
A quantum non-demolition measurement allows us to construct the error syndrome Σ current and after examining the syndrome we may decide that:
1. No error has occurred; 2. One new error, E a , has occurred; 3. We have more than one error. We distinguish two cases: (a) we have one new error, E a and the time-correlated error E b , the error is thus E a E b ; and (b) we have other combinations of two or more errors.
Given an error syndrome Σ current , sometimes we can not tell whether the quantum system was subject to one or to two errors. In two errors cases, the time-correlated error is the last one we have corrected. We record this error using classic bits. The error correcting algorithm we propose, shown in Figure 1 consists of the following steps:
1. Compute the error syndrome Σ current . As an example, let us consider the 5-qubit code discussed in the previous section. The syndrome Σ consists of four ancilla qubits a 1 a 2 a 3 a 4 , each one computed using one of the four generators, Table 3 .
Let us assume that the last error corrected is a bit-flip on qubit 3, and the corresponding error syndrome, Σ last = X 3 = 1100, was recorded using classic bits. We perform a quantum nondemolition measurement at the current error correction cycle and construct the current syndrome Σ current . Our algorithm proceeds as follows: 
X 5 = 0011 σ I ⊗ σ I ⊗ σ I ⊗ σ I ⊗ σ z Z 5 = 0100
1. As we know Σ last = X 3 = 1100, according to the table 3, the other error could only be a phase flip error of qubit 3 with syndrome Σ = 0010.
2. Correct the phase-flip error of qubit 3 as well as the bit-flip of qubit 3. 
Summary and Future Work
Errors in a realistic quantum system are not independent, but time-correlated. Based on the properties of time-correlated noise, we present an algorithm which allows us to correct a single timecorrelated error in addition to e u new, uncorrelated errors. The algorithm can be applied to any quantum error correcting code designed to correct e u uncorrelated bit-flip, or phase-flip error. Very recently, Lov Grover and Ben Reichardt [12] have proposed a radically new error correction scheme based upon Grover's fixed-point quantum search [5] . This approach could greatly simplify the correction of spatial and time correlated quantum errors and we are investigating algorithms based upon these ideas.
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